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11. $\{f_{i}\}_{i\in I},$ $\{R_{j}\}_{j\in I},$ $\{c_{k}\}k\in K$ (function symbol),
( ) (relation bredicate)symbol), (constant symbol)
. $\mathcal{L}$
.
$=\{f_{i}, R_{j}, c_{k}\}_{i}\in I,j\in J,k\in K$ (– )
(language (of first-order logic)) .
$\text{ ^{ } _{ } _{ } },$ $\text{ _{ } _{ }}$
.
12 (1) : $\mathcal{L}_{Ord}=\{<\}$ .
(2) : $L_{Grp}=\{\cdot, e\}$ .
(3) : $\mathcal{L}_{OF}=\{+, -, \cdot, <, 0,1\}$ .
, (arity)
. $+$ 2.
13. (logical symbol) .
(1) (variable) : $v_{0},$ $v_{1},$ $v_{2},$ $\ldots$ .
(2) (propositional connective) $:\wedge(\mathrm{a}\mathrm{n}\mathrm{d})$ , V(or), $\neg$ (not), $arrow(\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{y})$ ,
$rightarrow$ (equivalent).
(3) (quantifier) : $\forall$ (forall), $\exists$ (there exists).
(4) (eauality) $:=$ .
2 , ,
. , $x,$ $y,$ $z,$ $\cdots$ . (
, - )









$t_{n}$ , $f$ $n$ $f(t_{1},$ $\cdots$ , t .
(3) .
1.5. (1) { $\mathcal{L}_{Ord}$ } $=$ { }.
(2) { $\mathcal{L}_{OF}$ } $=$ { $\mathbb{Z}$ }.
1.6. $\mathcal{L}$ (formula) .
(1) $t_{1},$
$\ldots,$
$t_{n}$ , $R$ $n$ $R(.t_{1}, \ldots, t_{n})$ .
(2) $\phi,$ $\psi$ $\neg\emptyset,$ $\emptyset\wedge\psi,$ $\phi\psi,$ $\phiarrow\psi,$ $\phirightarrow\psi$ .
(3) $\phi$ , $x$ $\forall x\phi,$ $\exists x\emptyset$ .
(4) .
, $s,$ $t,$ $u,$ $\ldots$ , $\phi,$ $\psi,$ $\rho,$ $\ldots$ .








$\forall x$ $\exists x$ . $x$
quanti er $\forall$ .
$x$ . $y$ . ,
,




1.9. (theory), (system of axioms) .
1.10. (1) : $T_{Grp}=$ .







, , . ,
.
1.11. logical axiom .
(1) (tautology) : $\phiarrow\phi$ $\phi\wedge\psiarrow\phi$ ,
.
(2) quantifier axiom :
(i) $\forall x(\emptysetarrow\psi)arrow(\phiarrow\forall x\psi)$ ( $\psi$ $x$ ),
(ii) $\forall x\phi(x)arrow\emptyset(t)$ ( $t$ ).
(3) equality axiom : $t$ , $\phi$ ,
(i) $x=x$ ,





L12. (rule of inference) .
(1 $\rangle$ modus ponens : $\phi$ $\phiarrow\psi$ $\psi$ .
(2) generalization : $\phi(x)$ $\forall x\phi(x)$ .
113. $T$ , $\phi$ .
$\phi 0,$ $\emptyset 1,$
$\ldots,$
$\phi n$ , $\phi$ $T$ (provable, derivable)
, $T\vdash\phi$ . , , $n$
.
(1) $\phi_{n}=\emptyset$ .
(2) $i=0,1,$ $\ldots,$ $n$ .
(i) $\phi_{i}$ $T$ , logical axiom.
(ii) $\phi_{i}$ .
, $\phiarrow\psi$ $\phi$ $\psi$ .
.
1.14 ( , The Deduction Theorem). $T$ , $\phi,$ $\psi$ .
$T\cup\phi\vdash\psi\Leftrightarrow T\vdash\phiarrow\psi$ .







2.1. $\mathcal{L}$ $\mathcal{L}$ (structure for $\mathcal{L}$) .
45
22 (1) $<$ $L_{Ord}$ .
(2) 2 $e$
$\mathcal{L}_{Grp}$ .
2.3. $\mathcal{L}$ , $\phi(x_{1}, \ldots , x_{n})$ ; $a_{1},$ $\ldots,$ $a_{n}$ .
$\phi$ ( $a_{1,\ldots,}$ a) $\Re \mathrm{t}\models\phi(a_{1}, \ldots, a_{n})$ .
24. $\mathbb{R}=\langle \mathbb{R}, +, -, \cdot, <, 0,1\rangle$ $\mathcal{L}_{OF}$ ,
$\mathbb{R}\models\forall x(\neg x=0arrow\exists y(x\cdot y=1))$.
2.5. $T$ $\mathcal{L}$ .
(1) $\mathcal{L}$ . $T$ $\phi$ $\models\phi$ , $T$
, $\mathfrak{M}\models T$ .
(2) $\phi$ . $T$ $\models\phi$ , $T\models\phi$ .
2.6. Tbrp . TRCF .




$\mathcal{L}_{Grp}$ $\phi$ . ,
, . –
.
2.8 ( , The Completeness Theorem). $T\vdash\phi\Leftrightarrow T\models\phi$.
$\Rightarrow$ ( ). .
– .
2.9. (1) $\phi$ $T\vdash\phi\wedge\neg\emptyset$ , $T$
(inconsistent) .
(2) $T$ , $T$ (consistent) .
46
2.10. (1) $T$ $\Leftrightarrow$ $\phi$ $T\vdash\phi$ .
(2) $T\vdash\phi\Leftrightarrow T\cup\{\neg\phi\}$ .
(3) $T\forall\emptyset\Leftrightarrow T\cup\{\neg\emptyset\}$ .
. (1) $\Leftarrow$ . $\Rightarrow$ $\phi,$ $\psi$ $\phi\Lambda\neg\phiarrow\psi$
.
(2) $\Rightarrow$ . $\Leftarrow$ . $T\cup\{\neg\emptyset\}$ . ,
$\psi$ $T\cup\{\neg\emptyset\}\vdash\psi_{\wedge}\neg\psi$ . $T\vdash\neg\emptysetarrow\psi$ A $\neg\psi$ ,
$T\vdash\neg(\psi\wedge\neg\psi)arrow\phi$ . $\neg(\psi\wedge\neg\psi)$ $\tau\vdash\phi$ .
(3) (2) .
2.11 ( The Generalized Completeness Theorem
$)$ . $T$ $\Leftrightarrow T$ .
. $T\models\phi\Rightarrow T\vdash\phi$ .
$\tau\Psi\emptyset$ . , $T\cup\{\neg\emptyset\}$ . ,
$T\cup\{\neg\emptyset\}$ . $\models T$
$\mathfrak{M}\#\emptyset$ $T\#\emptyset$ .
, , $T$
. ( ) .



















212. $T\vdash\phi$ $T$ $T’$ $\phi$ .
. $T$ $\phi$ $T$ .
2.13 ( , The Compactness Theorem). $T$
$\Leftrightarrow T$ .
. $\Rightarrow$ . $\Leftarrow$ . $T$ . ,





3.1. Quantifier open ( qunatifier-free) formula
.
3.2. $X\subseteq \mathbb{R}^{n}$ . $X$ $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{n}$ formula $\Leftrightarrow \mathrm{o}\mathrm{p}\mathrm{e}\mathrm{n}$ formula $\phi(\overline{x},\overline{y})$
$\overline{b}\in \mathbb{R}^{?n}$ $X=\{\overline{a}\in \mathbb{R}^{m}|\mathbb{R}\models\phi(\overline{a}, \overline{b})\}$ .
3.3. $X\subseteq \mathbb{R}^{n}$ open formula \Leftrightarrow X semi-algebraic.
48





. , $\phi$ quanti er
, $T_{RCF}$ qunatifier elimination theorem .
open formula $\emptyset(\overline{x}, y)$ open formula $\psi(\overline{x})$
$\tau_{RCF}\vdash\forall\overline{x}(\exists y\phi(_{\overline{X}}, y)rightarrow\psi(\overline{x}))$
. ( )
. , open formula
semi-algebraic , $\phi(\overline{x}, y)$ semi-
slgebraic , $\exists y\phi(\overline{x}, y)$ projection .
open formula , semi-algebraic . , Tarski-
Seidenberg semi-algebraic projection semi-algebraic
.
$L_{OF}$ , TRCF , $\mathcal{L}$ , $T$ .





$T$ $\mathfrak{M}_{1’ 2}’’\mathfrak{M}^{l\prime}$ $T$ isomorphism condition
.
49
3.6. Artin-Schreier $T_{RCF}$ isomorphism condition
.
3.7. $\mathfrak{M}’\subseteq$ $T$ $\mathfrak{M},$ $\mathfrak{M}’$ open formula
$\phi(\overline{x}, y)$ , ’ $\overline{a}$
$\mathfrak{M}’\models\exists y\phi(\overline{a}, y)\Leftrightarrow \mathfrak{M}\models\exists y\phi(\overline{a}, y)$
$T$ submodel condition .
3.8. $T_{RCF}$ submodel condition .
.
3.8. $\mathcal{L}$ , $T$ isomorphism condition submodel comdition
$T$ qunatifier elimination . , $\phi(\overline{x})$
open formula $\psi(\overline{x})$ ,
$T\vdash\forall\overline{x}(\emptyset(\overline{x})rightarrow\phi_{2}(\overline{X}))$ .
, $\mathcal{L}$ . sentence variable free
sentence , variable free sentence $VF_{S}$ .
, term variable free term , variable free




3.10. $\phi$ sentence . $T$ $\mathfrak{M}_{1},$ $\mathfrak{M}_{2}$ , $\triangle \mathrm{m}_{1}=$
$\triangle\Re\iota_{2}$
$\mathfrak{M}_{1}\models\phi\Leftrightarrow \mathfrak{M}_{2}\models\emptyset$




. $T\cup\Gamma\vdash\phi$ . $\Gamma$ $\{\psi_{1}, \ldots, \psi_{n}\}$
,
$T\cup\{\psi_{1}, . .:, \psi_{n}\}\vdash\phi$ .
$\psi=\psi_{1}\wedge\cdots\psi_{n}$ $\psi\in VF_{s}$ $T\cup\{\psi\}\vdash\phi$ , $T\vdash\psiarrow\phi$ .
$i=1,2,$ $\ldots,$ $n$ $T\vdash\phiarrow\psi_{i}$ $T\vdash\phiarrow\psi$ , $T\vdash\phirightarrow\psi$ .
$T\cup\Gamma\vdash\phi$ .
$T\cup\Gamma\Psi\emptyset$ . 123 $T\cup\Gamma\cup\{\neg\emptyset\}$ . ,
$T\cup\Gamma\cup\{\neg\phi\}$ . $\Gamma\subseteq\triangle_{\mathfrak{M}}$ .
$T\cup\triangle_{\mathfrak{M}}\vdash\neg\emptyset$ .
$\mathfrak{M}’$
$T\cup\triangle_{\mathfrak{B}}\mathrm{t}$ . $\mathfrak{M}’\models\triangle \mathrm{m}$ $\triangle\Re \mathrm{t}=\triangle_{\mathfrak{B}\uparrow\prime}$ . ,
$\models\phi\Leftrightarrow \mathfrak{M}’\models\phi$ , $\mathfrak{M}’\models\neg\emptyset\cdot \mathfrak{M}’$
.
$T\cup\triangle_{\mathfrak{B}\mathrm{t}}\vdash\neg\emptyset$ .
$\triangle_{\mathfrak{M}}$ $\{\psi_{1}, \ldots, \psi_{n}\}$
$T\cup\{\psi_{1}, \ldots, \psi n\}\vdash\neg\phi$ .
$\psi=\psi_{1}\wedge’\cdot$ . A $\psi_{n}$ . $\psi\in VF_{s}$ $T\cup\{\psi\}\vdash\phi$ . $T\vdash\psiarrow\neg\emptyset$
, $T\vdash\phiarrow\neg\psi$ . $\Gamma$ $\neg\psi\in\Gamma$ , $\Gamma\subseteq\triangle_{\mathfrak{M}}$
$\neg\psi\in\triangle m$ . $\mathfrak{M}\models\neg\psi$ . , $i=1,$ $\ldots,$ $n$ , $\psi_{i}\in\triangle_{\mathfrak{B}}\iota$
$\models\psi_{i}$ . $\models\psi$ . .
$T\cup\Gamma\vdash\phi$ , .
3.8 . $T$ isomorphism condition submodel condition




. ( $\phi$ $y$ ,
,
.)
$\phi(y)$ open formula . , $T$ $\mathfrak{M}_{1},$ $\mathfrak{M}_{2}$
, $\triangle\Re\iota_{1}=\triangle\rangle x\iota_{2}$
$\mathfrak{M}_{1}\models\exists y\phi(y)\Leftrightarrow \mathfrak{M}_{2}\models\exists y\phi(y)$
.
$\mathfrak{M}_{1},$ $\mathfrak{M}_{2}$ $\triangle_{M_{1}}=\triangle_{\mathfrak{B}l_{2}}$ $T$ . $i=1,2$ $t\in VF_{t}$
$\mathfrak{M}_{i}$ $t_{\mathfrak{M}_{i}}$ ,
$\mathfrak{M}_{i}’=\{tiDt_{i}|t\in VFt\}$
. $\mathfrak{M}_{i}’$ $\mathcal{L}$ $\mathfrak{M}_{i}$ . $\mathfrak{M}_{1}’\cong \mathfrak{M}_{2}’$
.
, $\mathfrak{M}_{1}’$ $\mathfrak{M}_{2}’$ $f$ , $t\in VF_{t}$
$f(t\Re\iota_{1})=t_{\mathfrak{M}_{2}}$
. $VF_{t}$ $t,$ $t’$
$t_{\mathfrak{M}_{i}}=t_{9yl_{i}}’\Leftrightarrow \mathfrak{M}_{i}\models t=t’$
, $\triangle\alpha n_{1}=\triangle_{\mathfrak{M}_{2}}$ $t=t’\in VF_{S}$
$\mathfrak{M}_{1}\models t=t’\Leftrightarrow \mathfrak{M}_{2}\models t=t’$ .
well-defined , isomorphism . ’1 $\cong \mathfrak{M}_{2}’$ .
$T$ isomorphism condition , $\mathfrak{M}_{1}^{\prime;}\cong \mathfrak{M}_{2}’’$ $T$
$\mathfrak{M}_{1}’’,\mathfrak{M}_{2};$’ ,
$\mathfrak{M}_{i}’\subseteq \mathfrak{M}_{i}’’\subseteq \mathfrak{M}_{i}$ .
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$T$ submodel condition
$\mathfrak{M}_{i}\models\exists y\phi(y)\Leftrightarrow \mathfrak{M}_{i}’’\models\exists y\phi(y)$ .
, $\mathfrak{M}_{1}’\cong \mathfrak{M}_{2}’$
$\mathfrak{M}_{1}’’\models\exists y\phi(y)\Leftrightarrow \mathfrak{M}_{2}’’\models\exists y\phi(y)$ .
$\mathfrak{M}_{1}\models\exists y\phi(y)\Leftrightarrow \mathfrak{M}_{2}\models\exists y\phi(y)$ .
34 .
$L_{F}=\langle+, -, \cdot, 0,1\rangle$ TACF isomorphism con-
dition subnlodel condition , $T_{ACF}$ qunatifier elimination
.
, Shoenfield [9] . , Tarski-Seidenberg
van den Dries [6] .
\S 4.
quantifier elimination .
. 4.1. $\phi$ $T\vdash\phi$ $T\vdash\neg\emptyset$ $T$
(complete) .
4.2. $T$ quantifier elimination , open sentence $\phi$
$T\vdash\phi$ $T\vdash\neg\emptyset$ $T$ .
4.3. (1) TRCF .
(2) TACF $n$ $T_{ACF_{n}}$ .




4.4. TACF . .
4.5. $\mathfrak{M},$ $\mathfrak{M}’$ $\mathcal{L}$ .
(1) $\phi$ $\models\phi\Leftrightarrow \mathfrak{M}’\models\phi$ ’
(elementarily equivalent) , $\mathfrak{M}\equiv \mathfrak{M}’$ .
(2) $\mathfrak{M}\subseteq \mathfrak{M}’$ . $\phi(\overline{x})$ $\overline{a}$ $\models\phi(\overline{a})\Leftrightarrow$
$\mathfrak{M}’\models\phi(\overline{a})$ ’ (elementary substructure)
, $\mathfrak{M}\preceq \mathfrak{M}’$ .
4.6. (1) $T$ $T$ $\mathfrak{M},$ $\mathfrak{M}’$ $\equiv \mathfrak{M}’$ .
(2) $\mathfrak{M}\preceq \mathfrak{M}’$ $\equiv \mathfrak{M}’$ , $\mathfrak{M}\subseteq \mathfrak{M}’$ $\equiv \mathfrak{M}’$ $\preceq \mathfrak{M}’$
.
, qunatifier elimination model-complete
. model-complete quantifier elimination
.
4.7. $T$ $\mathfrak{M},$ $\mathfrak{M}’$
$\mathfrak{M}\subseteq \mathfrak{M}’\Rightarrow \mathfrak{M}\preceq \mathfrak{M}’$
, $T$ model-complete .
48. $T$ quantifier elimination $T$ model-complete.
4.9. TRCF, TACF model-complete. ( $T_{ACF_{n}}$ model-complete.)




TRCF, TACF model-complete .
4.11 (Hilbert 17 ). $F(x_{1}, \ldots, x_{n})\in \mathbb{R}(x_{1}, \ldots, x_{n})$ .
$a_{1},$ $\ldots,$ $a_{n}$
$0\leq f(a_{1}, \ldots, a_{n})$ $f$ $\mathbb{R}(x_{1}, \ldots, x_{n})$ 2
.
54
.4.12. $F$ . $F$ $a$ , $a$ $F$ 2
$a$ $F$ $\leq$ $0\leq a$ .
4.11 . $f$ 2 . 4.12 $f,<0$ $\mathbb{R}(\overline{x})$
$\leq$ . $R$ $(\mathbb{R}(\overline{x}), \leq)$ . $R\models T_{RCF}$
$\mathbb{R}\subseteq R$ . TRCF model-complete $\mathbb{R}\preceq R$ . ($\overline{x}$ $R$ ) $R\models f(\overline{x})<0$
($\overline{x}$ ) $R\models\exists\overline{x}(f(\overline{X})<0)$ . $\mathbb{R}\preceq R$ $\mathbb{R}\models\exists\overline{x}(f(\overline{X})<0)$.
4.13 (HIlbert ). $F$ , $I$ $I\neq F[\overline{x}]$
$F[\overline{x}]$ ideal ,
$I(V(I))=\sqrt{I}$ .
. $\sqrt{I}\subseteq I(V(I))$ . $I(V(I))\subseteq\sqrt{I}$ . $g\in F[\overline{x.}]\backslash \sqrt{I}$ .
$g\not\in I(V(I))$ .
$\mathcal{I}=\{J\subseteq F[\overline{x}] : idea\iota|I\subseteq J, g\not\in\sqrt{J}\}$
. $I\in \mathcal{I}$ $\mathcal{I}\neq$ . $\mathcal{I}$ , closed
under unions of chains Zorn $\mathcal{I}$ maximal element $J$ .
$J$ prime ideal .
$J$ prime . , $h\cdot k\in J$ $h,$ $k\in F[\overline{x}|\backslash J$
. $J$ maximality $g\in\sqrt{J+(h)}\cap\sqrt{J+(k)}$ . $J$ $j_{1},j_{2},$ $F[\overline{x}]$
$a_{1},$ $a_{2}$ , $n_{1},$ $n_{2}(\geq 0)$
$g^{n_{1}}=j_{1}+a_{1}..h,$ $g^{n_{2}}=j_{2}+a_{2}\cdot k$ .
, $g^{n_{1}+n_{2}}\in J$ $g\in\sqrt{J}$ .
$J$ prime $F[\overline{X}]/J$ integral domain. $K$ $F[\overline{x}]/J$
. $J\neq F[\overline{x}]$ $F\subseteq K$ . $p\in F[\overline{x}]\backslash J$ $P$ $F[\overline{X}]/J$
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. , $g\in F[\overline{x}]\backslash J$ $K\models[g(\overline{x})]\neq 0$ . ( $[\overline{x}]$ $[x_{1}],$ $\ldots,$ $[x_{m}]$
) , $K\models g([\overline{x}])=[g(\overline{x})]$ $K\models g([\overline{x}])=0-$ , $I$
$h$ , $h\in J$ $I\iota^{\Gamma}\models[h(\overline{x})]=0$ $K\models h([\overline{x}])=0$ .








$T_{ACF}$ model-complete $F\preceq K$ .
$F\models\exists\overline{x}(g(\overline{x})\neq 0\wedge\wedge h_{i}(\overline{x})=0)$
$i=1$
, $g\not\in I(V(I))$ .




\S 4 , Tarski quantifier elimination theorem Th$(\mathbb{R})$
, Tarski
$\mathrm{r}_{Th}(\mathbb{R}, \exp)$ ?
, Tarski . ( $\mathcal{L}$ exponentiation
1 . )Th$(\mathbb{R}, \exp)$ quantifier elimination
theorem $\mathbb{R}$ .
van den Dries Tarski $\mathbb{R}$
$(.[3])$ , Kight, Pillay, Steinhorn O-minimal
([10, 11, 12]).
56
51( $\mathrm{O}$-minimality). $M$ . $M$ $(M$
) $M$ $M$
O-minimal .
Tarski van den Dries $(\mathbb{R}, \exp)$ O-minimal ?
([4]).
$\mathbb{R}$ semialgebraic sets , piecewise linear sets
$O$-minimal van den Dries .
5.2. (Finitely subanalytic sets). $X\subseteq \mathbb{R}^{m}$ . $f$ : $\mathbb{R}^{m}arrow \mathbb{R}^{m}$ ;
$(x_{1}, \ldots , x_{m})rightarrow(1/\sqrt{1+x_{1}^{2}}, \ldots, 1/\sqrt{1+x_{m}^{2}})$ $X$ subanalytic
$X$ finitely subanalytic .
5.3. (van den Dries [5]). $\mathbb{R}$ finitely subanalytic set
definability $O$-minimal .
exponentiation ( ) finitely subanalytic ,
van den Dries .
van den Dries Tarski , .
5.4. (van den Dries [7]). Th$(\mathbb{R}, \exp|_{[0,1]}, \sin|_{[0,\pi]})$ model-complete.
Wilkie [13] Th$(\mathbb{R}, \exp)$ model-completeness
. , $R$ $[0,1]$ Pfaffian functions
theory model-complete ([14]),
.
5.5. (Wilkie [15]). Th$(\mathbb{R},\exp)$ model-complete.
$(\mathbb{R}, \exp)$ $O$ -minimal .
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